This paper investigates the approximate controllability and optimal controls of fractional dynamical systems of order 1 < q < 2 in Banach spaces. We research a class of fractional dynamical systems governed by fractional integrodifferential equations with nonlocal initial conditions. Using the Krasnosel'skii fixed point theorem and the Schauder fixed point theorem, the approximate controllability results are obtained under two cases of the nonlinear term. We also present the existence results of optimal pairs of the corresponding fractional control systems with a Bolza cost function. Finally, an application is given to illustrate the effectiveness of our main results. MSC: 26A33; 49J15; 49K27; 93B05; 93C25
Introduction
During the past two decades, fractional differential equations have been proved to be one of the most effective tools in the modeling of numerous fields of science, physics, engineering and so on. Since fractional differential equations efficiently describe many practical dynamical phenomena, they have attracted the attention of many researchers in the past years. Many authors investigated the existence of mild solutions of fractional differential equations by using semigroup theory and fixed point theorems (see [-] ). Controllability is one of the most important issues in mathematical control theory and engineering, however, controllability of fractional dynamical systems is still in the initial stage [-]. Shu and Wang [] considered the existence of mild solutions for a class of fractional integrodifferential equations of order  < q <  in a Banach space: 
C D q t x(t) = Ax(t) + f (t, x(t)) + t  G(t -s)g(s, x(s)) ds, <t < T, x()
+
x(t) = Ax(t) + F(t, x(t)) + Bu(t), t ∈ [, b], x() + g(x)
where A is the infinitesimal generator of a strongly continuous α-order cosine family {C α (t)} t≥ on a Banach space X. The controllability results are obtained by using the Sadovskill fixed point theorem and vector-valued operator theory. Recently, Sakthivel et al. [] established the controllability results for a class of nonlinear fractional differential equations of order  < q <  with nonlocal conditions. They also extended the main results to approximate controllability results for nonlocal fractional control systems with infinite delay. Wang et al. [] obtained some existence and uniqueness results, and further existence conditions of optimal pairs for a class of fractional integrodifferential control systems were presented. Under the assumption that the associated linear system is approximately controllable, the approximate controllability of a class of semilinear fractional differential control systems are obtained in [] . Since approximately controllable systems are more prevalent and practical than exact controllable ones, it is important to investigate the approximate controllability of semilinear differential systems that consists of a linear part and a nonlinear part.
However, to the best of our knowledge, most of the previous papers about fractional differential systems are concerned with the fractional derivative whose order is between zero and one, the approximate controllability problems for fractional integrodifferential equations in Caputo derivative sense of order  < q <  have not been investigated extensively [-]. Especially, few researchers study the optimal control problems of fractional systems of order  < q <  in Banach spaces. Liu et al. [] investigated the existence and uniqueness of mild solutions and optimal controls for some fractional impulsive equations of order  < q < . But the system under consideration does not include a Volterra operator in nonlinear term and the boundary conditions are local. What is more, the optimal control results are only applicable to Lagrange problems.
Motivated by [, -, , , -], we discuss the approximate controllability and optimal controls of fractional dynamical systems of order  < q <  in a Banach space. Consider the following fractional system:
where C D q t is the Caputo fractional derivative of order  < q < . A : D(A) ⊂ X → X is sectorial operator of type (M, θ , q, μ) on a Banach space X, endowed with the norm · . H : I × I × X → X represents a Volterra-type operator, (Hx)(t) = t  h(t, s, x(s)) ds. B is a bounded linear operator from U into X, the control u(·) is given in L  (I, U), U is a Banach space. The nonlinear term f : I × X × X → X is continuous, and nonlocal terms g  and g  are continuous functions. The rest of the paper is organized as follows. In Section , we show some preliminaries and lemmas that are to be used later to prove our main results. In Section , we discuss approximate controllability of system (.). In Section , The existence of optimal controls of a class of semilinear fractional integrodifferential control systems are presented. Finally, an application is provided to illustrate the effectiveness of our main results in Section .
Preliminaries and lemmas
Definition . (see [] ) The fractional integral of order q with the lower limit zero for a function f is defined as
provided that the right side is point-wise defined on [, +∞), where (·) is the gamma function.
Definition . (see [])
The Riemann-Liouville derivative of the order q with the lower limit zero for a function f :
The Caputo derivative of the order q for a function f : [, ∞] → R can be written as 
Further, if A is a sectorial operator of type (M, θ , q, μ), then it is not difficult to see that A is the infinitesimal generator of a q-resolvent family {T q (t)} t≥ in a Banach space, where
Lemma . (see [] ) Let A be a sectorial operator of type (M, θ , q, μ). If f satisfies a uniform Hölder condition with exponent β ∈ (, ], the unique solution of linear fractional differential equation
is given by
where
with c being a suitable path such that λ q / ∈ μ + S θ for λ ∈ c.
Consider the linear fractional control system
Let us now introduce the following operators. Define the operator
where B * denotes the adjoint of B and T * q (t) is the adjoint of T q (t). It is straightforward that the operator b  : X → X is a linear bounded operator.
Lemma . (see []) The linear system (.) is approximately controllable if and only if λR(λ,
In order to define the concept of mild solutions for problem (.), by the comparison with the fractional differential equation given in [], we associate problem (.) to an integral problem.
, the integral equation
is satisfied.
Lemma . (Krasnosel'skii theorem; see [] ) Let X be a Banach space and E be a bounded, closed, and convex subset of X. Let Q  , Q  be maps of E into X such that 
Approximate controllability
From Theorems . and . in [] , it is easy to see that S q (t), K q (t), and T q (t) are bounded.
Here we impose the following assumptions:
(H  ) The nonlinearity f : I × X × X → X is continuous and compact, there exist positive
are completely continuous and there exist positive constants β  , β  such that
Theorem . Assume that conditions (H  ), (H  ), and (H  )-(H  ) hold and, in addition, the functions f (t, x, Hx) and h(t, s, x) are bounded for t
Proof Define the operators Q  and Q  on B r as follows:
, system (.) is approximately controllable, if for any λ > , there exists a continuous function x(·) ∈ C(I, X) such that
has a fixed point on B r , which is then a solution of system (.). In view of assumptions (H  ), (H  ), and (H  )-(H  ), we have
For any x ∈ B r , we obtain
Using assumptions (H  ) and (H  ), for any x, y ∈ B r and t ∈ [, b], we have
Since M(β  + β  ) < , it follows that Q  is a contraction mapping. Let {x n } be a sequence in B r , and x n → x ∈ B r . Because f , g  , and g  are continuous, i.e., for all ε > , there exists a positive integer N , when n > N , we obtain
This implies that Q  is continuous. Now, we prove that compactness of Q  . To prove this, we first prove that the set {(Q  x)(t) : x ∈ B r } is relatively compact in C(I, X).
By the assumptions of this theorem, it is easy to see that
so we know that {(Q  x)(t) : x ∈ B r } is uniformly bounded. Then we show that Q  (B r ) is equicontinuous. The functions {(Q  x)(t) : x ∈ B r } are equicontinuous at t = . For any x ∈ B r and  < t  < t  ≤ b, we have
By the continuity of the function t → T q (t) , the right hand side of the above inequality tends to zero as t  → t  . Therefore, {(Q  x)(t) : x ∈ B r } is a family of equicontinuous functions. According to the infinite dimensional version of the Ascoli-Arzela theorem, it remains to prove that for any t ∈ [, b], the set V (t) := {(Q  x)(t) : x ∈ B r } is relatively compact in C(I, X). The case t =  is trivial, V () = {(Q  x)() : x(·) ∈ B r } is compact in C(I, X). Let t ∈ (, b] be a fixed real number, and let h be a given real number satisfied  < h < t, define
s, x(s), (Hx)(s) ds = T q (h)y(t, h). (.) Since T q (h) is compact in C(I, X) and y(t, h) is bounded on B r , then the set V h (t) is relatively compact in C(I, X).
Since
if h is small enough, it implies that there are relatively compact sets arbitrarily close to the set
] is relatively compact in C(I, X). Since it is compact at t = , we have the relatively compactness of V (t) in C(I, X) for all t ∈ [, b].
Hence, by the Arzela-Ascoli theorem, we obtain the result that Q  is compact. In view of Lemma ., we can conclude that the control system (.) has at least one mild solution on [, b] . Without loss of generality, we assume that x λ (·) is a fixed point of Q  + Q  in B r . Then from [], any fixed point of Q  + Q  is a mild solution of (.) on [, b] under the control
and satisfies
The functions f (t, x, Hx) and h(t, s, x) are bounded for t ∈ [, b] and x ∈ X, thus there exists a constant
Consequently, there is a sequence, still denoted by {f (s, x λ (s), (Hx λ )(s))}, that weakly converges to say
From (.) and (.), we know that
By using the infinite dimensional version of the Ascoli-Arzela theorem, one can show that the operator 
Theorem . Assume that conditions (H  ), (H  ), and (H  )-(H  ) hold. The functions f (t, x, Hx) and h(t, s, x) are bounded for t ∈ [, b], x ∈ X. The linear system (.) is approximately controllable. Then the fractional control system (.) is approximately controllable on
By the definition, it is easy to see that B r is a bounded, closed, and convex set in C(I, X). We shall prove that there exists a constant r >  such that (Q  + Q  )(B r ) ⊂ B r . If this is not true, then for each r > , there exists x λ ∈ B r , but (Q  + Q  )(B r ) does not belong to B r , i.e.,
In view of assumptions (H  ), (H  ), and (H  )-(H  ), we have
From (.), we get
From (.)-(.) and x λ ≤ r, it follows that
Dividing both sides of (.) by r and taking the limit as r → ∞, we obtain
This contradicts the assumption in this theorem. Thus we can deduce that (Q  + Q  )(B r ) ⊂ B r . Next, we show that Q  is a contraction operator, and Q  is a completely continuous operator. Assume that x, y ∈ B r , we conclude that
By the assumptions in this theorem, we know that Q  is a contraction operator. Let x n ∈ B r with x n → x in B r . By (H  ), it follows that
From (.) and the dominated convergence theorem, it is easy to see that Q  is continuous on B r .
For any x ∈ B r and h > , we have
Since T q (t) is strongly continuous for t ≥  and f is compact, it follows that Q  (B r ) ⊂ B r is equicontinuous, and the set
It is easy to have
Thus we have Q  (B r )(t) ⊂ X is precompact. Then Q = Q  + Q  is a condensing operator on B r . By Lemma ., Q has a fixed point x on B r . It is easy to prove that x is a mild solution of system (.) Similar to the proof of Theorem ., it is easy to see that system (.) is approximately controllable on [, b] . The proof is completed.
Existence of optimal controls
In this section, we suppose that Y is a separable Banach space. w f (Y) represents a class of nonempty, closed, and convex subsets of Y. The multifunction w : I → w f (Y) is a measurable and w(·) ⊂ E, where E is a bounded set of Y, the admissible control set
Then u(t) is nonempty. Consider the following fractional control system:
Let x u be a mild solution of system (.) corresponding to a control u ∈ U ad . We consider the Bolza problem (P): find a optimal pair (
Here, we introduce the following assumptions:
is sequentially lower semicontinuous on X × Y for almost all t ∈ I. l(t, ·, ·) is convex on Y for each x ∈ X and almost all t ∈ I. There exist constants d ≥ , e > , ϕ is nonnegative, and ϕ ∈ L  (I, R) such that Proof If inf{J(x u , u) | u ∈ U ad } = +∞, there is nothing to prove. So we assume that
By the definition of infimum there exists a minimizing sequence of feasible pair Suppose that x n is a mild solution of system (.) corresponding to u n , and x n satisfies
From assumption (HL) and Balder's theorem, we can infer that
which implies that J attains its minimum at ( x, u  ) ∈ C(I, X) × U ad . The proof is completed.
Applications
Example . Consider optimal controls for fractional control system of order q =   as follows:
with a cost function
As a similar method to the example of the example in
A generates a compact, analytic semigroup T(·) of uniformly bounded linear operator, and assumption (H  ) is satisfied. Moreover, the eigenvalues of A are n  π  and the corresponding normalized eigenvectors are e n (u) = √  sin(nπu), n = , , . . . . Here, we take the control function u :
. We also restrict the admissible controls
Let us denote C(I, X) a Banach space equipped with supnorm · . Let x(t)(y) = x(t, y), (Hx)(t)(y) = ( Remark . In order to describe various problems in nature and science which undergo abrupt changes at certain instants during the evolution process, impulsive fractional differential equations are emerging as an important class of system models. Among the previous and known results, few people have discussed the control problems for impulsive differential equations of order  < q < . Using the same methods and ideas in this paper, one can obtain the approximate controllability and optimal controls results of fractional impulsive differential equations with nonlocal conditions of order  < q < .
